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Probing an atomic resonance without disturbing it is an ubiquitous issue in physics. This prob-
lem is critical in high-accuracy spectroscopy or for the next generation of atomic optical clocks.
Ultra-high resolution frequency metrology requires sophisticated interrogation schemes and robust
protocols handling pulse length errors and residual frequency detuning offsets . This review reports
recent progress and perspective in such schemes, using sequences of composite laser-pulses tailored
in pulse duration, frequency and phase, inspired by NMR techniques and quantum information
processing. After a short presentation of Rabi technique and NMR-like composite pulses allowing
efficient compensation of electromagnetic field perturbations to achieve robust population trans-
fers, composite laser-pulses are investigated within Ramsey’s method of separated oscillating fields
in order to generate non-linear compensation of probe-induced frequency shifts. Laser-pulses pro-
tocols such as Hyper-Ramsey (HR), Modified Hyper-Ramsey (MHR), Generalized Hyper-Ramsey
(GHR) and hybrid schemes are reviewed. These techniques provide excellent protection against both
probe induced light-shift perturbations and laser intensity variations. More sophisticated schemes
generating synthetic frequency-shifts are presented. They allow to reduce or completely eliminate
imperfect correction of probe-induced frequency-shifts even in presence of decoherence due to the
laser line-width. Finally, two universal protocols are presented which provide complete elimination
of probe-induced frequency shifts in the general case where both decoherence and relaxation dissipa-
tion effects are present by using exact analytic expressions for phase-shifts and the clock frequency
detuning. These techniques might be applied to atomic, molecular and nuclear frequency metrology,
mass spectrometry as well as precision spectroscopy.
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I. INTRODUCTION
The history of very high precision spectroscopy started
in the 1930s with the atomic and molecular beam reso-
nance method proposed by I.I. Rabi to improve the res-
olution of nuclear moment measurements [1]. The orig-
inal experiment was based on a combination of inhomo-
geneous fields and a rotating field to flip nuclear spins
and measure the magnetic moment of the species. With
enough interaction time and under a quasi-resonant ir-
radiation, coherent oscillations can be achieved between
targeted quantum states which are manipulated by an
external coherent field with tunable amplitude and fre-
quency. In such a case, the final two-level occupation
probabilities can be controlled with an adequate selec-
tion of a radio-frequency field and pulse duration. By
scanning the frequency of the electromagnetic excitation
around the exact resonance, a narrow spectroscopic tran-
sition is observed which can be used to obtain a very
narrow discriminator, stabilizing the frequency of a lo-
cal oscillator on the atomic frequency for instance, thus
achieving an atomic clock. The Rabi technique provided
plenty of information not only on atomic and molecular
structure, but also on nuclear properties [2].
To improve the frequency resolution, Ramsey designed
a scheme, where he replaced the single oscillatory field by
a double microwave excitation pulse separated by a free
evolution time [3]. The probing electromagnetic field per-
turbation on the atomic transition itself was reduced by
averaging the probe induced frequency-shift over the en-
tire sequence of pulses separated in space or time [4].
Such a technique has drastically impacted time and fre-
quency metrology with microwave atomic clocks since the
1950s [5–7]. This protocol also provides the highest res-
olution for evaluation and reduction of systematic fre-
quency shifts perturbing an atomic transition.
Atomic optical clocks are today recognized to be ideal
platforms for highly accurate frequency measurements,
leading to very stringent tests for physical theories and
variations of the fundamental constants with time, and
also for quantum simulation investigations, as reviewed
in [8]. Depending on the selected atomic species used
to achieve stable and accurate optical frequency stan-
dards, single trapped ion clocks [9–11] and neutral atoms
lattice clocks [12–14] have been characterized over many
years, reducing systematic uncertainties to a value sur-
passing current microwave atomic frequency standards.
Very long storage time of Doppler and recoil-free quan-
tum particles have been obtained using laser cooling tech-
niques and a relative accuracy level below 10−18 will most
likely be achieved in the near future. This uncertainty
reduction will be obtained thanks to a combination of
technological advances, but also to the development of
ad-hoc protocols.
The present work reports the recent advances on the
development of those protocols, where the interrogation
process is composed by a sequence of laser pulse. The ba-
sic idea is to drive the quantum system by a sequence of
pulses whose composite action produces the planned tar-
get state. A tuning of the pulse parameters leads to the
compensation of the quantum imperfections. Few com-
posite pulse schemes were inspired by nuclear magnetic
resonance (NMR) [15] and quantum information process-
ing [16, 17]. As tested in the experiments of refs. [18–22],
this approach improves the performance of optical clocks
based on ultra-narrow atomic transitions, by relaxing the
sensitivity to clock interrogation disturbances.
Even if a clock optical transition has a very narrow
linewidth, the clock interrogation process may limit the
final accuracy. The limitations have different sources as
the laser probe frequency/intensity instabilities, light-
shifts associated to the very weak excitation of addi-
tional optical levels of the atom/ion, decoherence and
relaxation of the probed atomic system. In weakly al-
lowed transitions with fermionic species, the frequency
light-shift is usually small and does not represent an
important contribution at the relative level of accuracy
presently reached [23, 24]. However, for clocks operat-
ing on strongly forbidden transitions and very long nat-
ural lifetimes, or for clocks using less stable local oscilla-
tors, shorter and more intense pulses are a necessity and
may generate an important light-shift of the clock tran-
sition. These light-shifts represent a non-negligible issue
for clocks either based on a single trapped ion, or on
bosonic neutral atoms with forbidden dipole transitions
activated by mixing a static magnetic field with a single
laser [25, 26], magic-wave induced transition in even iso-
topes [27], or an E1-M1 two-photon laser excitation [28–
30]. In order to eliminate those systematic frequency-
shift induced by the probe laser below the 10−18 accu-
racy level, it is necessary to develop new and very robust
3spectroscopic techniques schemes.
This elimination of systematic frequency shifts based
on new spectroscopic techniques is characterized by an
important historical evolution. In NMR, the key issue
is to tackle systematic effects responsible for imperfect
rotations of the nuclear spins, because of the use of a
non uniform electromagnetic field for instance [15]. Com-
posite rotations manipulating the quantum system have
been extensively developed to get rid of dual imperfec-
tions from pulse length error and resonant offset detun-
ing. The composite pulse approach has been also applied
in quantum computation to correct imperfect operations
on qubits. It was theoretically investigated for a scalable
quantum computer, based on trapped electrons in vac-
uum, where qubits are encoded in the external (cyclotron
motion) and internal (spin) degrees of freedom [31]. This
approach allowed manipulation of the cyclotron motion
without modifying the spin evolution. In [32] several se-
quences of NMR-type composite pulses were applied to
manipulate a thermal cold atom cloud for interferometric
applications. In [33] composite pulse sequences have been
applied to laser and microwave excitation of trapped ions
to produce entanglement. In ref. [34] the Ramsey interro-
gation of ytterbium trapped ions was modified by adding
a central off-resonant approximate pi pulse, in a way remi-
niscent of the spin-echo technique. Playing with the rela-
tive detuning between applied pulses, this composite-like
method eliminated small-to-moderate fluctuations in de-
tuning, thereby greatly enhancing the fringe contrast in
the presence of laser detuning drifts.
The optical-clock protocols are the results of a theoret-
ical effort of deriving ad-hoc time-dependent Hamiltoni-
ans compensating the clock limitations listed above. His-
torically the first clock synthetic Hamiltonian is the well-
known Ramsey protocol with separate oscillating fields
creating an interference pattern in the clock spectral re-
sponse. Within the last few year, some new protocols
were derived in order to bypass the limitations previously
listed and also to match the potential high accuracy of
the optical clock new generation. In analogy with NMR
techniques presented above, a composite pulse Ramsey
(R) spectroscopy, denoted as hyper-Ramsey spectroscopy
(HR), modified hyper-Ramsey spectroscopy (MHR) or
generalized hyper-Ramsey (GHR) including laser phase
steps have been introduced in frequency metrology in or-
der to provide highly efficient correction of the clock light-
shift induced by the probing laser [19, 22, 35–37]. Addi-
tional perturbations associated with decoherence due to
finite laser spectral width and atomic relaxation by spon-
taneous emission are also corrected by composite pulses,
and in particular by those based on a phase-step during
the pulse sequence [38].
This effort may be considered as a rewriting of com-
posite pulses for optical clocks. However the goal is quite
different: a resolution increase for NMR, a better accu-
racy for clocks. This difference implies an accurate con-
trol of state populations in the first case. The second
case instead requires a precise determination of the free
evolution of the quantum system. Therefore the basic
tools are similar, but the final protocols different. Let’s
also point out the strong similarity between the design
of time-dependent Hamiltonians for optical clocks and
the realization of artificial magnetism for ultra-cold neu-
tral atoms, as reviewed in [39]. In this case the atomic
center-of-mass is controlled by applying an Hamiltonian
with proper space-dependence, and the successive appli-
cation of different Hamiltonian may improve the target
of reaching a specific final state. For the optical-clock
case, different time-dependent Hamiltonians are applied
within a sequence designed for a very accurate measure
of the quantum state under exploration. The sequence
target is to improve the accuracy and robustness of the
measurement itself.
A complementary approach, denoted as synthetic pro-
tocol, is based on independent and parallel measurements
of several clock-frequency shifts for different free evolu-
tion times and an appropriate combination of those mea-
surements to generate the so-called synthetic frequency-
shift, that produces the optical clock frequency with a
high immunity to the laser probe perturbations. This
approach, presenting large advantages in presence of an
atomic decoherence, may be considered as a different
composite pulse protocol, where a different parameter
of the Ramsey’s interrogation scheme is properly varied:
the free evolution time. The a posteriori treatment of the
independent measurements applied within the synthetic
protocol constitutes also an element of the phase-step
protocols.
Let’s mention here few original features of the com-
posite pulse strategy for the optical clocks. As key point
in the determination of the clock proper frequency by
eliminating all the shifts produced by different source,
the resonant frequency of an isolated atomic or molec-
ular transition is a symmetry point (isolated meaning
without a perturbation produced by the presence of a
neighbouring transition). That symmetry is associated
to the unperturbed atomic response and this symmetry
feature characterizes the Ramsey’s free evolution time
within the pulse sequence. While the laser excitation
and interrogation parts of the composite pulse sequence
excite the atoms with different parameters (frequency,
phase, and so on), the probe signal produces an atomic
response ”averaged” over all the pulse sequence. The
central symmetry point should appear in that response:
the composite pulse protocol reaches this target applying
properly chosen parameters.
In most atomic frequency standards, the laser probe is
stabilized to the atomic transition by a frequency mod-
ulation technique. Probe-induced shifts introduce a dis-
tortion of the absorption line-shape and modify the clock
operating frequency. In order to eliminate the asymme-
try effect on the true clock position, a phase-step modula-
tion was proposed and tested in [40–44]. The phase-step
composite pulse protocol introduces a similar but more
sophisticated approach: the error signal is given by the
difference between two different transition probabilities
4FIG. 1: Principle of an optical-clock local-oscillator in-
terrogation protocol with the clock transition probed by a
nearly monochromatic laser, pre-stabilized on a high finesse
optical cavity. The optical interrogation is applied to the
|g〉 ⇔ |e〉 two-level quantum system, typically a weakly al-
lowed or strongly forbidden transition, of a single ion or an
ensemble of neutral atoms. An error signal is generated to
lock the laser frequency on the atomic/ionic transition.
in presence of phase steps within the composite pulse se-
quence. Here a technical feature introduced in order to
improve the signal quality is translated into the construc-
tion of ad-hoc Hamiltonians.
Even if the probe laser is pre-stabilized on a high-
finesse Fabry-Perot cavity, the resulting finite line-width
of the laser is often limited by thermal noise [45, 46].
For the clock atoms this limiting line-width represents a
dephasing process which deteriorates the clock interroga-
tion, reduces the contrast and compromises the robust-
ness of any error signal. Fast improvements in the design
of very high finesse Fabry-Perot cavities used to stabilize
clock lasers should offer in the future very narrow line-
widths below a few 100 mHz [47–49] for a new genera-
tion of frequency standards. Actually, this decoherence
issue has been treated within the contest of the compos-
ite pulse protocols. Let’s point out that the decoherence
produced by the laser line-width dephasing does not in-
fluence the free evolution time, that represents the most
important element in the precise recovery of the clock
transition frequency. Instead it influences the atomic
evolution within the excitation periods. The operation
of most composite protocols is heavily compromised by
the decoherence presence. However the construction of
ad-hoc Hamiltonian protocols produces a very large re-
duction of its role, greatly compensating the laser probe
shifts and the dependence on the laser excitation param-
eters, i.e., intensity and interaction time. This is an im-
portant result because decoherence are usually consid-
ered as a strong limit on the reachable accuracy, and be-
cause the decoherence role is circumvent by Hamiltonian
interactions. This result is a part of the present large
interest into the control over dissipative processes and to
the realization that the coupling to the environment can
be manipulated to drive the system into desired quantum
states [50, 51].
This work reviews the theoretical and experimental
efforts performed so far on the optical clock composite
pulse schemes for a robust compensation of features such
as light-shifts, laser probe frequency and intensity in-
duced instabilities, decoherence and relaxation. Section
II, after introducing the wave-function formalism for a
two-level atomic system in coherent interaction with a
laser, investigates the NMR-like composite pulses and
their simplest R and HR composite pulse counterparts.
The benefits and limits of the R and HR schemes are
presented. Section III emphasizes the laser phase ma-
nipulation of each individual pulse through laser steps as
a key parameter to improve clock operations. Probing
schemes like HR, MHR, GHR containing phase-steps are
described. Section IV presents optical Bloch-equations
describing coherent interaction between laser and atoms,
including several dissipative processes disrupting clock
operation. It is shown how the combination of GHR error
signals can provide immunity to both decoherence and
relaxation. Section V discusses the synthetic frequency
approach. A recent experimental modification of the
Ramsey configuration, denoted as auto-balanced Ram-
sey spectroscopy, is also briefly discussed. Section VI
reports two recent experimental implementations based
on HR and MHR composite laser-pulses protocols on a
single 171Yb+ ion [20] and on 88Sr bosonic atoms opti-
cally trapped at a magic wavelength [22], respectively.
Conclusions and perspectives terminate our review.
II. RAMSEY AND HYPER-RAMSEY
INTERROGATION SCHEMES
A frequency standard, shown in Fig. 1, requires locking
and stabilizing the phase or the frequency of an external
oscillator to some atomic or ionic transition by means of
laser spectroscopy. Higher frequencies and ultra-narrow
lines improve measurement precision. This is the reason
why the field of frequency metrology has moved over sev-
eral decades from microwave transitions to optical nar-
row lines [8]. Weakly allowed or forbidden clock transi-
tions are now widely investigated for the next generation
of high-accuracy frequency standards based on a single
trapped ion [10] and neutral atoms in optical lattices
[12, 13, 52]. Depending on the nature of the quantum
absorbers, i.e fermionic or bosonic particles [53], using
either a single stabilized clock laser [27], a combination
of static magnetic field and laser [25, 26, 54, 55] or sev-
eral oscillating laser fields may be exploited to probe the
atomic transition [28–30]. In the following we consider a
two-level system interacting with a single EM field with-
out loss of generality.
A Doppler recoil-free atomic clock as depicted in Fig. 2
can be implemented as a two-level quantum system with
energy splitting ~ω0. We start with a typical description
of coherent atom-light interaction where external pertur-
bations like decoherence, collisions between particles and
all atomic level relaxations are neglected. The two-level
system is probed by a clock laser at frequency ωlaser.
Within rotating wave approximation (RWA), the inter-
5FIG. 2: Two-states description of energy levels. The en-
ergy splitting between the ground state and the excited state
denoted by its natural frequency ω0 is probed by a laser at
ωlaser. The detuning between the laser and the natural Bohr
frequency of the system is δ = ωlaser − ω0. The natural fre-
quency ω0 is also altered by the probe-induced frequency shift
∆ls produced by off-resonant excitation to external states.
Some composite pulse protocols include a laser frequency step
∆step used to generate an effective pre-compensation of the
light-shift contribution from those off-resonant states. The
reduced detuning including frequency-shift compensation is
written as δl = δ−∆l, where ∆l = ∆ls−∆step is the residual
uncompensated light-shift defined in the text.
action is governed by the complex Rabi frequency Ωle
iϕl
including the laser phase ϕl, where the l−th subscript
will denote the number of the applied laser pulse in an
interrogation pulse sequence. The clock laser detuning δ
from the unperturbed transition frequency is:
δ = ωlaser − ω0. (1)
A two-level system is a good approximation for most
spectroscopic investigations, but is not suitable for high-
resolution spectroscopy in the case of optical clocks.
With a two-level transition, the virtual excitation of ex-
ternal non-resonant states leads to light shifts of energy
levels [56]. We define ∆ls as the probe-induced frequency
shift altering atomic energies while the probe laser is
switched on. It is proportional to the laser probe inten-
sity. It can sometimes be useful to compensate for that
light shift by stepping the laser frequency ωlaser during
pulses by a fixed amount ∆step. Therefore we introduced
δl as the effective total detuning:
δl = ωlaser + ∆step − (ω0 + ∆ls) = δ −∆l. (2)
The above equation introduces the ∆l residual uncom-
pensated frequency shift as the difference between the
external laser probe-induced frequency shift and the laser
frequency step used to cancel it (see Fig. 2). Because the
δ and ∆step are very small compared to the detuning of
the non-resonant states, ∆ls is constant over the whole
clock interrogation process if the probe laser intensity is
constant.
It is important here to stress the operational difference
between a laser spectroscopy experiment and an optical
(or microwave) clock. In a spectroscopic investigation,
the ωlaser frequency is controlled independently from the
atom (or sample) to be explored. Within a clock, a servo-
loop system is applied as depicted in the upper left of
Fig. 1 producing the probe laser oscillation at clock fre-
quency ωclock. The purpose of the servo-loop system,
including the composite pulse interrogation, is to com-
pensate light shifts and produce ωclock = ω0, that is a
zero offset ∆off = ωclock − ω0. An imperfect (or real!)
clock operates with an arbitrary small offset, or equiv-
alently the atoms are probed by a laser which misses
resonance, that is δ 6= 0. In the following we investigate
several protocols aiming to cancel ∆off even in presence
of a ∆l probe-induced shift correction different from zero.
A. Single or adjacent pulses: Rabi interrogation
and NMR-like composite pulses for robust
population transfer
The superposition of |g〉, |e〉 clock states induced by a
laser (or RF) pulse is described by the following linear
combination:
|Ψ(θl)〉 = cg(θl)|g〉+ ce(θl)|e〉, (3)
where cg and ce are probability amplitudes related to
states |g〉 and |e〉 respectively. The θl parameter is here
defined as the effective pulse area ωlτl:
θl = ωlτl, (4)
with τl being the laser pulse duration and where we in-
troduce a generalized Rabi frequency ωl =
√
δ2l + Ω
2
l for
convenience. If the total atom-laser interaction time is
shorter than the damping times for the dissipation mech-
anisms discussed in Sec. IV, clock state dynamics are de-
scribed by the following set of Schro¨dinger’s equations:
c˙g = ie
iϕl
Ωl
2
ce,
c˙e = ie
−iϕl Ωl
2
cg + iδlce.
(5)
Using the solution of Schro¨dinger’s equation, the matrix
solution for cg,e(θl) transition amplitudes can be written
as: (
cg(θl)
ce(θl)
)
= χ(θl) ·M(θl) ·
(
cg(0)
ce(0)
)
, (6)
including a phase factor of the form χ(θl) = exp
[−iδl τl2 ].
The wave-function evolution driven by a pulse area θl is
determined by a complex 2×2 interaction matrix as [57–
59]:
M(θl) =
(
M+(θl) e
iϕlM†(θl)
e−iϕlM†(θl) M−(θl)
)
=
(
cos θl2 + i
δl
ωl
sin θl2 −ieiϕl Ωlωl sin θl2
−ie−iϕl Ωlωl sin θl2 cos θl2 − i δlωl sin θl2
)
.
(7)
6(a) 180(0) Rabi single pulse
(b) 90(pi
2
)180(0)90(pi
2
) Rabi composite pulse
(c) 90(0)360( 2pi
3
)90(0) Rabi composite pulse
FIG. 3: Rabi spectroscopy: on the first line based on single pulse and on the second and third lines based on NMR-like
composite pulse. Left columns report population transfer efficiency; the right columns report contour plots (solid lines in colour
spanning from -90% to 90% in steps of 30%) for the population inversion vs the reference pulse area (vertical axis) and the
uncompensated frequency shift. Pulse duration and Rabi frequency fixed to τ = 3/16 s and Ωl = pi/2τ , respectively. The ∆l
detunings are all equal and denoted by ∆. This applies also to similar analyses in the following.
Applying the above matrix with initial conditions cg(0) =
1, ce(0) = 0, a final complex amplitude is obtained,
leading to the well-known Rabi transition probability
7P|g〉7→|e〉:
P|g〉7→|e〉 =
Ω2l
ω2l
sin2
θl
2
. (8)
In Rabi’s original experiment [1, 2], a thermal molec-
ular beam passes through a coil excited by a radio fre-
quency (RF) field with interaction time τ . The time of
interaction τ and the field amplitude are chosen such that
the product Ωτ = pi, a so-called pi pulse, corresponds to
a pi pulse area. If the radio frequency is tuned to the
transition, at time t = τ all particles with cg(0) = 1
are detected in their excited state. In this configuration,
the single field has to be perfectly controlled and homo-
geneous in the interrogation zone to achieve good sensi-
tivity. Fig. 3a shows the Rabi spectrum associated with
the single pulse excitation scheme obtained by scanning
the frequency detuning. As shown by the Fourier trans-
forms of Fig. 3a, the Rabi line-shape exhibits a decreasing
width with increasing excitation time. The resolution of
this spectroscopy is limited by the flight time of particles
through the coil. The FWHM width of a pi pulse is 0.8/τ
(in Hz). An increase of the τ duration is possible to a
certain extent, but for experimental reasons, it becomes
difficult to maintain the appropriate microwave field for
long periods or large pulse areas. It is important to note
that in this case, the clock frequency-shift of the transi-
tion probability is always linearly dependent on the resid-
ual uncompensated part ∆ls of the light-shift. In modern
optical ion and lattice clocks, the Rabi spectroscopy has
been mostly implemented to obtain very high resolution
measurements of various metrological clock transitions
with low systematics [8].
If several adjacent pulses are used, the single matrix
of Eq. (6) is replaced by a product of several matrices
in order to explore various sequences based on NMR-like
composite pulse excitations. Tab. I reports examples of
TABLE I: Examples of composite pulses proposed in NMR
to increase net magnetization of nuclear spins while compen-
sating for RF field variation δΩ and frequency offset error δ∆
in detuning. Pulse area θl is given in degrees and phase-steps
ϕl are indicated in subscript-brackets with radian unit. The
standard Rabi frequency for all pulses is Ω = pi/2τ where τ is
the pulse duration reference. Note that in order to compare
sensitivity of various protocols to pulse defects in Fig. 3, the
single Rabi pi (180◦) pulse is computed as two adjacent pi/2
(90◦) pulses with duration τ .
Pulses area θl(ϕl) δΩ/Ω δ∆/∆
180(0) low low
90(pi
2
)180(0)90(pi
2
) low medium
90(0)360( 2pi
3
)90(0) medium low
FIG. 4: Composite pulses in a general three-pulse interaction
scheme acting on a two-level transition for the HR protocol.
Pulses are labeled by l = (1, 2, 3, 4) where index 2 denotes
free evolution time. Each pulse is characterized by laser pa-
rameters as frequency detuning δl, pulse duration τl and field
Rabi frequency Ωl.
Rabi composite pi pulses inducing a robust population
transfer between two targeted quantum states required
either for offset detuning or RF field compensation [60].
The Table first column introduces a compact indication
of the composite pulse composition. The lineshapes for
different NMR-like composite pulses are shown in Fig. 3b
and Fig. 3c. The corresponding contour plots in the right
column of Fig. 3 evidence the optimized robustness of the
population inversion by using several adjacent pulses op-
timized against uncompensated residual frequency-shifts
in Fig. 3b, and against important pulse area variations
in Fig. 3c.
B. Pulses with an interleaved free evolution time:
Ramsey and Hyper-Ramsey schemes
Within the original R spectroscopy configuration,
atoms are probed by two successive pulses separated by
a free evolution time T [3]. During free evolution time
T where the probe laser is switched-off, the matrix given
by Eq. (7) does not contain the light-shift from external
off-resonant states. The free-evolution transfer matrix
reduces to:
M(δT) =
(
eiδT/2 0
0 e−iδT/2
)
, (9)
because no additional laser frequency step ∆step is ap-
plied during free evolution time.
In the HR interrogation three pulses are applied, with
a free evolution time after the first or second pulse [19],
see an example in Fig. 4 with the free evolution time
applied after the first pulse. Note that another compos-
ite sequence with pulse order reversal can be also used
as proposed in [35]. The coherent population transfer
P|g〉7→|e〉 induced by such pulse sequences is given by a
simple product of matrices, each of them being individu-
ally tailored in frequency, duration and phase. If pulses
are labeled by l = (1, 2, 3, 4), the corresponding transi-
8tion probability is given by:
P|g〉7→|e〉 = |〈e|M(θ4)M(θ3)M(θ2)M(θ1)|g〉|2, (10)
where we introduce θ2 = δT. The composite pulse se-
quence may includes a laser phase-step during each pulse
which can be manipulated to control the resonance shape.
This applies to the HR-pi protocol of Fig. 4 where the
pulse sequence includes a laser phase sign inversion dur-
ing the second interaction. The transition probability de-
scribing the coherent population transfer between atomic
states depends on pulse areas and phase jumps over the
entire laser probing sequence. By scanning the δ detuning
between the laser and the two-level resonant frequency,
a HR resonance is constructed containing information
about perturbations induced by the laser probe on the
line-shape.
Ignoring for simplicity the additional phase step, the
P|g〉7→|e〉 expression can be written in a compact form as:
P|g〉7→|e〉 = A+B cos(δT + Φ), (11)
where δ is the clock frequency detuning during free evo-
lution time. The envelopes are given by
A = α2
[
1 + β(Φ)2
]
,
B = 2α2β(Φ),
(12)
and the phase
β(Φ) = β
√
1 + tan2 Φ. (13)
The envelopes α, β and the Φ phase driving the resonance
amplitude are given in Appendix VII A. This formula is
valid only for ±pi phase jumps within the pulse sequence.
However note that the general form valid for arbitrary
phase steps, described in the following by Eq. (28), has
the same structure of the above one. Using Eq. (11),
and its generalization in presence of phase-steps derived
in ref. [35], the population transfer efficiency and the
frequency-shift affecting the resonance can both be eval-
uated accurately under various experimental laser pulse
conditions including R and HR schemes [3, 19].
When the second pulse area vanishes, i.e θ3 = 0, i.e.
M(θ3) = 1, and Ω1 = Ω4 = Ω, ω1 = ω4 = ω, θ1 = θ4 = θ,
the generalized transition probability takes the following
form:
P|g〉7→|e〉 = 2
Ω2
ω2
sin2
θ
2
(
cos2
θ
2
+
δ2
ω2
sin2
θ
2
)
× [1 + cos(δT + Φ)] ,
(14)
with A = B in Eq.(11), and for the phase
Φ = arctan
[
2 δω tan
θ
2
1− ( δω )2 tan2 θ2
]
= 2 arctan
[
δ
ω
tan
θ
2
]
.
(15)
By applying a trigonometrical transformation, we recover
the standard expression for the transition probability de-
rived by Ramsey in 1950 for a spin 1/2 interacting with
a radio-frequency field [3, 4] as:
P|g〉7→|e〉 = 4
Ω2
ω2
sin2
θ
2
[
cos
(
δT
2
)
cos
θ
2
− δ
ω
sin
(
δT
2
)
sin
θ
2
]2
.
(16)
This expression established by Ramsey [3] was the initial
version of the method of separated oscillating fields in
molecular beams.
A remarkable information is the frequency-shift gen-
erated by Eq. (14) that determines the central fringe
position sensitivity to a detuning fluctuation. From a
geometrical point of view, this Ramsey phase-shift is ex-
actly two times the Euler angle accumulated by a Bloch’s
vector projection of rotating components in the complex
plane using a two dimensional Cauley-Klein representa-
tion of the spin 1/2 rotational group [57].
The separated oscillating fields method invented by
Ramsey and presented in Fig. 5a effectively reduces the
clock sensitivity to light-shift effects. Interference fringes
in the population transfer, as shown in Fig. 5a, are ob-
served versus the clock laser detuning and the central
feature is used to lock the local oscillator to the atomic
or molecular transition. It has been widely applied in
high precision measurements for atomic clocks based on
atomic beams crossing a microwave cavity twice [5–7]
and was extended to Zacharias-type fountain geome-
tries where laser cooled atoms are thrown up vertically
[61, 62]. In the last device, a cold atomic cloud experi-
ences a first pi/2 pulse (θ = Ωτ = pi/2) during its rise
when passing through a microwave resonator, then freely
evolves without light interaction during its free launch
and free fall. Finally it undergoes a second pi/2 pulse in
the same cavity before detection. The resolution of such
a clock configuration is only limited by the atomic cloud
time of flight T between microwave interactions [63]. The
resonance width (in Hz) is 1/(2T) when T τ . The re-
duction of the Ramsey clock frequency-shift reported in
Fig. 5a by the factor ∝ τ/T was observed in molecular
beam experiments with RF fields [64–67].
Despite its great resolution, the original Ramsey
method remains too sensitive to perturbations from the
optical probe laser field itself. Some spatial laser beam
configurations where proposed in the 1980’s by Borde´
canceling first-order Doppler-shifts to observe optical
Ramsey fringes [68]. However, if external AC Stark-
shifts are not reduced or potentially eliminated, the Ram-
sey central fringe is pulled away from resonance and the
fringes themselves become asymmetric around the max-
imum [69]. This asymmetry was observed for single ion
clock using an ultra-narrow electric electric octupole (E3)
optical transition [10] and in some alkaline-earth neutral
bosonic clocks with completely forbidden transitions [8].
Few techniques were proposed to solve such a prob-
9(a) Ramsey ( R) spectroscopy
(b) HR spectroscopy
(c) HR-pi spectroscopy
FIG. 5: Left column shows the lineshapes of the transition probability for different composite pulses. Right column shows the
frequency lock-point sensitivity against uncompensated residual light-shifts, whith pulse area variation set to ∆θ/θ = ±10%
(shadow regions). For all graphs τ = 3/16 s, Ω = pi/2τ , T = 2 s and light shift ∆ls = 0 for convenience. The ∆l uncompensated
frequency shift on the horizontal axis of the right plots is denoted by ∆.
lem. A spectroscopic laser probe configuration based
on a pulsed EIT (Electromagnetically Induced Trans-
parency)/Raman two-photon excitation suggested in
2006 introduces internal ac Stark-shifts of a three-level
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system in order to counteract the light-shift contribution
from external off-resonant states. This approach restores
the Ramsey fringes at the unperturbed clock frequency
[29]. A modified Ramsey method was also proposed to
cancel the overall light-shift with deliberate application
of a laser frequency step during light pulses [18]. How-
ever, all these methods require exact knowledge of the
light-shift correction or an excellent control of laser power
variations to efficiently compensate frequency shifts.
The HR spectroscopy was proposed in 2010 to relax
the constraint on laser power control and to eliminate the
probe induced frequency-shifts [19]. The scheme is based
on pulses that can have different lengths, frequencies, and
possibly phase inversion. The initial version is based on
a sequence of two different pulses, a first pi/2 pulse of
length τ as in the Ramsey’s technique, and a second 3pi/2
pulse of length 3τ , tailored in two parts 2τ and τ . A
laser frequency step for a basic pre-compensation of the
light-shift is also introduced during pulses to correct the
expected external light-shift from off-resonant states of
the probed two level system. The transition probability
describing the HR resonance, reported in Fig. 5b, has a
fringe inversion at the resonance because of the 2pi pulse
area. A discriminator slope to lock the laser frequency
is obtained by a ±pi/2 phase modulation on one of the
pulses. Even if the phase is discussed in detail within the
following SubSection, let’s point out here the presence of
a small sensitivity to pulse area variation, limiting the
method’s efficiency. This result is shown by the shaded
area on the right panel of Fig. 5b. That sensitivity can be
compensated by applying a pi laser phase step during the
2τ -length pulse, as in the HR-pi composite pulse of Fig. 4.
Therefore the HR-pi sequence can be seen as an echo pulse
[19]. The important result is a strong non-linear cubic
dependence of the central fringe frequency shift with the
uncompensated light-shift ∆l, see on the right in Fig. 5c.
This drastically reduces residual uncompensated light-
shift contribution to a very low order.
C. Canonical form of the clock frequency-shift
This subsection examines the clock-frequency shift
which impacts the Ramsey interference pattern as de-
scribed by Eq. (11). A good approximation of the shift
for the central fringe extremum is given by the following
simple relation:
δν ∼ −Φ|δ→0
2piT
, (17)
It is thus possible to eliminate the frequency shift of the
central fringe by engineering Φ with special choices of
laser step frequency, pulse duration, and phase inversion.
A more sophisticated expression for the composite
clock-frequency shift than Eq. (17) is needed if the line-
shape is perturbed by weak distortions due to deco-
herence, as derived in Section V C. The central fringe
frequency-shift δν is thus calculated by applying a first-
order expansion to Eq. (11) around the unperturbed fre-
quency clock detuning δ of the resonance. The result
takes the form:
δν ≈ − Φ|δ→0
2pi (T + ∂δΦ|δ→0) , (18)
where ∂δ is the partial derivative with respect to the un-
perturbed clock detuning δ. The main term Φ is modified
by two high-order phase-shifts as follows:
Φ→ Φ + Ψ + Θ, (19)
where
Ψ = − arctan
[
∂δB
B(T + ∂δΦ)
]
, (20a)
Θ = arcsin
 ∂δA√
(∂δB)
2
+ (B(T + ∂δΦ))
2
 . (20b)
The high-order expressions given by Eq. (20a) and
Eq. (20b) account for a possible distortion of the line-
shape when the free evolution time T is not very large
compared to each pulse duration τl (l = 1,3,4). This is
shown in Fig. 6 for the HR-pi protocol and various Ram-
sey free evolution times and a fixed pulse duration.
The analytical expression of the clock frequency-shift
for the two-pulse R protocol is written in a simplified
expression as [35, 36]:
Φ = arctan
[
δ1
ω1
tan
θ1
2
]
+ arctan
[
δ4
ω4
tan
θ4
2
]
. (21)
and in an alternative expression,
Φ = arctan
[
δ1
ω1
tan θ12 +
δ4
ω4
tan θ42
1− δ1δ4ω1ω4 tan θ12 tan θ42
]
, (22)
to be compared to the following one for the three-pulse
scheme.
In the case of three different pulse areas, the HR and
HR-pi phase shifts are derived in [19, 35]. Following [70],
they can be rewritten into a closed form solution as:
Φ = arctan
 δ3ω3 tan θ32 + δ4ω4 tan θ42
1−
(
δ3δ4+Ω3Ω4
ω3ω4
)
tan θ32 tan
θ4
2

+ arctan
[
δ1
ω1
tan
θ1
2
]
+ arctan
[
δ34
ω34
tan
θ34
2
]
,
(23)
where the reduced notation of Eq. (57) was inserted
within the last term.
For the R, HR and HR-pi protocols the clock fre-
quency phase-shift based on Eq. (18) is plotted on the
right column of Fig. 5 versus the uncompensated residual
frequency shift ∆. Here and in following figures they are
plotted in the case of ∆l = ∆ during each laser pulse. In
11
FIG. 6: (Color online) Comparison between clock frequency
shifts for the HR-pi protocol computed with Eq. (17) (dash-
dotted line) and Eq. (18) (solid line) versus residual uncom-
pensated frequency shifts ∆/2pi. Dots represent the numeri-
cal tracking of the central fringe extremum. Parameter as in
Fig. 5 except for T.
the R case, the clock frequency shift is linearly dependent
as shown in Fig. 5a. As in Fig. 5b for the HR technique
based on the combination θ1 = pi/2 and θ4 = 3pi/2, to
be inserted in Eq. (21), the clock becomes non linear. A
relative variation of ±10% for all pulse areas affects the
protocol and requires a careful control to avoid significant
shifts. Fig. 5c presents the clock frequency-shifts of the
HR-pi technique including a laser phase inversion coupled
with a pi pulse. By inserting in Eq. (23) the pulse areas
θ1 = θ4 = pi/2 and θ3 = pi while fixing the intermediate
laser field phase to pi (Ω→ −Ω), a very good compensa-
tion of the ±10% relative pulse area variation is obtained.
These plots clearly show that composite pulses are really
efficient to extend the region where both pulse area varia-
tions and residual light-shifts are simultaneously rejected
to a very low level of perturbations. HR spectroscopy
is now implemented in single ion clocks based on ultra-
narrow transitions [20, 21], as presented in Section VI.
Fig. 6 shows the comparison between clock frequency
shifts computed from Eq. (17), Eq. (18) and the numeri-
cal tracking of the extremum of the central fringes. The
high-order corrections given by Eq. (18) are in very good
agreement with numerical trackings for all free evolution
times. On the contrary, differences exist between the re-
sults based on Eq. (17) analytical expression and those
of the numerical tracking, becoming more pronounced
when the free evolution time is comparable to the pulse
duration.
III. COMPOSITE RAMSEY SPECTROSCOPY
WITH PHASE-STEP PROTOCOLS
In most atomic frequency standards, the laser probe
is stabilized to the atomic transition by a standard fre-
quency modulation technique applied at the half-height
of the central Ramsey fringe. But if some AC Stark-
shifts are present due to non-resonant atomic states, the
line-shape is distorted and shifted from the correct clock
frequency, leading also to errors and instabilities in the
frequency lock point. The proper strategy to eliminate
the asymmetry effect on the true position of the central
fringe and to generate a robust and stable lock-point for
the local laser probe oscillator is the phase-step modula-
tion, as proposed and tested in [40, 41, 43, 44]. In addi-
tion this phase modulation technique produces an error
signal with enhanced immunity to potential offset varia-
tions [41, 42]. A corresponding composite pulse approach
is characterized by the presence of appropriate phase-step
modulations within specific areas of the pulse sequence.
The measured signal is based on a difference of properly
chosen generalized transition probabilities following the
application of the±ϕl phase-step modulation. The signal
becomes anti-symmetric with respect to the clock laser
detuning δ. This Section presents the composite pulse
phase-step protocols of Table II. Frequency lock points
generated from these configurations are well protected
against large laser pulse area variations and potential er-
TABLE II: Composite phase-step interrogation protocols ne-
glecting the dissipative processes. Reverse composite pulse
protocols are denoted by a † prefix. Free evolution appears at
index l = 2, denoted by δT. Pulse area θl is given in degrees
and the two (ϕl+, ϕl−) values of the phase-step are indicated
in subscript-brackets with radian units. The protocol name is
that reported in the previous literature without an effort for
an uniform notation.
protocols composite pulses θl (ϕl+,ϕl−)
R
90(pi
2
,−pi
2
) a δT ` 90(0,0)
(†) 90(0,0) a δT ` 90(−pi
2
,pi
2
)
HR-pi
90(pi
2
,−pi
2
) a δT ` 180(pi,pi)90(0,0)
(†) 90(0,0)180(pi,pi) a δT ` 90(−pi
2
,pi
2
)
MHR
90(pi
2
,0) a δT ` 180(pi,pi)90(0,−pi
2
)
(†) 90(−pi
2
,0)180(pi,pi) a δT ` 90(0,pi
2
)
GHR(pi
4
)
90(0,0) a δT ` 180(pi
4
,−pi
4
)90(0,0)
(†) 90(0,0)180(−pi
4
,pi
4
) a δT ` 90(0,0)
GHR( 3pi
4
)
90(0,0) a δT ` 180(3pi
4
,−3pi
4
)90(0,0)
(†) 90(0,0)180(− 3pi
4
, 3pi
4
) a δT ` 90(0,0)
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(a) GHR(ϕl)
(b) GHR†(ϕl)
FIG. 7: Composite pulses in a general three-pulse interac-
tion scheme acting on a two-level transition for GHR(ϕl) and
GHR†(ϕl) protocols reported in Table II. Pulses are labeled
by l = (1, 2, 3, 4). Each pulse is characterized by laser pa-
rameters: frequency detuning δl, pulse duration τl, field Rabi
frequency Ωl and laser phase ϕl.
rors in the frequency shift compensations, because they
decouple the unperturbed frequency measurement from
laser intensity variations [22, 37].
A. Transition probabilities including laser
phase-steps and error signal definition
Within a GHR sequence, the second or first Ramsey
pulse is divided into subsections with individual manipu-
lation of frequency, duration and laser phase, as shown in
Fig. 7 for two types of laser pulsed sequences, GHR(ϕl)
and GHR†(ϕl). The calculations of different error sig-
nals require to explicitly include the ϕl (l = 1,3,4, or l =
1,2,4) laser phase dependence, produced by the phase
steps, within the matrix elements M(θl) in Eq. (7). The
GHR(ϕl) transition probability is expressed by:
P({ϕl})|g〉7→|e〉 = |α{l}|2
∣∣∣1 + β{l}e−i(δT−Φ{l})∣∣∣2 , (24)
where the envelopes α{l} and β{l} of the two sequences are
given in Appendix VII B, taking into account both laser
phases and initial atomic preparation. The composite
phase-shift Φ{l} represents the atomic phase accumulated
by the wave-function during the l-th laser interrogation
sequence. It is expressed for two different pulse sequences
as follows.
• For the GHR(ϕl) sequence:
Φ{l} = Arg
[
M†(θ1)e−iϕ1cg(0) + M−(θ1)ce(0)
M+(θ1)cg(0) + M†(θ1)eiϕ1ce(0)
· M−(θ3, θ4)
M†(θ4, θ3)
]
,
(25)
• And for the GHR†(ϕl) sequence:
Φ{l} = Arg
[
M†(θ1, θ3)cg(0) + M−(θ1, θ3)ce(0)
M+(θ1, θ3)cg(0) + M†(θ3, θ1)ce(0)
· M−(θ4)
M†(θ4)
]
,
(26)
in both cases, reduced matrix components are given in
Appendix VII B.
In the case of phase-step protocols, the dispersive-
shape of the error signal ∆E is computed by tak-
ing the difference between two spectroscopic signals
P(ϕ{l})|g〉7→|e〉 with opposite phase ϕ
+
{l} and ϕ
−
{l} as:
∆E = P|g〉7→|e〉(ϕ
+
{l})− P|g〉7→|e〉(ϕ−{l}). (27)
It may be written as
∆E = A˜ + B˜(Φ˜) cos(δT + Φ˜), (28)
where
A˜ = A(ϕ+{l})
−A(ϕ−{l}), (29a)
B˜(Φ˜) =
[
B(Φ)(ϕ+{l})
cos Φ(ϕ+{l})
− B(Φ)(ϕ−{l}) cos Φ(ϕ−{l})
]
×
√
1 + tan2 Φ˜. (29b)
and
Φ˜ = arctan
[
B(Φ)(ϕ+{l})
sin Φ(ϕ+{l})
− B(Φ)(ϕ−{l}) sin Φ(ϕ−{l})
B(Φ)(ϕ+{l})
cos Φ(ϕ+{l})
− B(Φ)(ϕ−{l}) cos Φ(ϕ−{l})
]
,
(30)
with A and B(Φ) related to α{l} and β{l} by Eq. (12).
This laser frequency stabilization scheme synthesizes
an anti-symmetric error signal, i.e., a dispersion line-
shape, to lock the laser frequency to the center of the
unperturbed clock transition. The frequency lock point
shift δν˜ from the error signal due to an imperfect light-
shift compensation is directly given by the relation:
∆E|δ=δν˜ = 0. (31)
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Using Eqs. (28) and (31), the analytical form of the
frequency-shifted lock-point is
δν˜ =
1
2piT
(
−Φ˜|δ→0 ± arccos
[
− A˜|δ→0
B˜(Φ˜)|δ→0
])
. (32)
This expression is similar to the rotation parametrization
applied in quantum computing to achieve robust cance-
lations of systematic errors [71, 72].
B. Error signals of R and HR schemes
This Subsection, as well the next one, reviews the ro-
bustness of different dispersive errors signals to some
residual light-shifts and pulse area variations. Some rel-
evant ±pi/2 phase-step protocols are reported in Table II
for application in R spectroscopy [40, 43, 44] and HR
spectroscopy [19–21].
The first laser phase-step configuration based on the R
protocol in Tab. II was initially proposed in [40]. Follow-
ing Eq. (27), the error signal is produced by combining
two Ramsey transition probabilities in presence of ±pi/2
phase shifts
∆ER = P(pi/2, 0)|g〉7→|e〉 − P(−pi/2, 0)|g〉7→|e〉. (33)
This approach leads to dispersive-like resonance line-
shapes with increased sensitivity to detect the clock res-
onance frequency. This phase-step modulation was ap-
plied to single ion clock devices in order to produce better
control of the frequency lock point stabilizing the local
laser oscillator [43, 44]. The error signal of the R phase-
step protocol is plotted on the top left part Fig. 8a. Its
associated dispersive signal is plotted for several values
of the uncompensated residual light-shift on the top right
part.
The error signal of the second phase-step configura-
tion based on the HR-pi protocol, presented in Fig. 8b,
is based on the same ϕ1 = ±pi/2 phase-steps in presence
of an additional phase reversal ϕ3 = pi of the laser field
during the intermediate pulse. Following Eq. (27), the
error signal is
∆EHR = P(pi/2, pi, 0)|g〉7→|e〉−P(−pi/2, pi, 0)|g〉7→|e〉. (34)
The main advantage of such a protocol is to generate
a frequency lock point which is driven by a cubic
non-linear sensitivity to the uncompensated residual
light-shifts leading to a much better control of the
frequency discriminant as shown on the right of Fig. 8b.
The HR phase-step protocol was proposed in [19] and
experimentally implemented on a single ion 171Yb+ clock
in [20] to strongly reduce the residual probe-induced fre-
quency shift by four orders of magnitude. Recently, us-
ing this spectroscopic technique [21], the single ion clock
achieved a 1.1 × 10−18 systematic relative uncertainty
of probe induced shifts. This protocol still suffers from
small residual light-shifts when exploring a wider range
of uncompensated frequency offsets. The HR protocol
has a residual uncompensated frequency-shift of around
1-2 mHz over a 220 mHz residual offset which may com-
promise the access to a clock fractional accuracy below
10−18.
C. Error signals of MHR and GHR schemes
Spectroscopic schemes using different phase-step pro-
tocols have been recently introduced in order to com-
pletely eliminate residual light-shift corrections on the
central fringe over large uncompensated residual light-
shifts. These are the MHR [22] and GHR [37] schemes.
These new dispersive error signals are centered at the
unperturbed atomic resonance with steep discriminants
which are impervious to variations in laser probe induced
clock frequency shifts.
The error signals are built from a combination of dif-
ferent transition probabilities as in [22, 37]:
∆EMHR = P(pi/2, pi, 0)|g〉7→|e〉 − P(0, pi,−pi/2)|g〉7→|e〉,
(35a)
∆EGHR(ϕ3) = P(0,+ϕ3, 0)|g〉7→|e〉 − P(0,−ϕ3, 0)|g〉7→|e〉.
(35b)
The MHR protocol described by Eq. (35a) is based
on a superposition of two HR-pi transition probabilities.
For error signal generation, the phase-step modulation is
obtained by interleaving a HR-pi protocol from Tab. II,
where ϕ1 = pi/2 during the first pulse, with a HR-pi pro-
tocol where an opposite phase ϕ4 = −pi/2 is used dur-
ing the last pulse. The calculated dispersive error sig-
nal shape is presented in Fig. 8c along its frequency lock
point response to residual probe-induced shifts. This non
standard protocol was the first to synthesize an error sig-
nal yielding full immunity to residual probe light-shifts
and great robustness to pulse area errors originated from
laser power variations. It has been successfully tested in
a neutral atom optical lattice clock based on magnetically
induced spectroscopy [22] demonstrating suppression of
a sizable 2×10−13 probe Stark shift to below 10−16 even
with very large errors in shift compensation.
The GHR(pi/4) and GHR(3pi/4) protocols from
Tab. II, proposed in [37] and shown in Fig. 9a and
Fig. 9b, respectively, use a single either ϕ3 = ±pi/4 or
a ϕ3 = ±3pi/4 phase-step modulation during the inter-
mediate pulse. The associated error signals computed
using Eq. (35b) are presented in the same figure. The
plots of their lock point sensitivity shown on the right
in Fig. 9a and Fig. 9b, evidence that they are fully pro-
tected from errors in residual probe-induced light-shifts.
Another stabilization scheme can be generated by com-
bining the error signals of the GHR(pi/4) and GHR(3pi/4)
protocols, presenting opposite slopes of the error signal.
This hybrid scheme denoted GHR(pi/4, 3pi/4) is defined
by the following normalized difference between two error
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(a) Ramsey ( R)
(b) Hyper-Ramsey ( HR-pi)
(c) Modified Hyper-Ramsey ( MHR)
FIG. 8: Left column shows error signals against clock frequency detuning in presence of uncompensated residual light-
shifts. Right column shows the generated frequency lock point sensitivity against uncompensated residual light-shifts. Other
parameters are the same as in Fig. 5.
signals:
∆E(pi/4, 3pi/4) =
1
2
(
∆EGHR(pi/4) −∆EGHR(3pi/4)
)
.
(36)
We have reported the corresponding error signal shape
∆EGHR(pi/4,3pi/4) in Fig. 9c. A combination of such pro-
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(a) GHR(pi/4)
(b) GHR(3pi/4)
(c) GHR(pi/4, 3pi/4)
FIG. 9: Left column shows error signals against clock frequency detuning δ for GHR(pi/4), GHR(3pi/4) and GHR(pi/4, 3pi/4)
phase-step protocols. Right column shows associated frequency lock point sensitivity for various uncompensated residual
light-shifts ∆. Parameters are as in Fig. 5.
tocols will be demonstrated to be efficient in presence of
decoherence and relaxation (see V).
D. Robustness of error signal slopes
This subsection presents parameters useful to setup
optimal working conditions in interrogation protocols in
16
(a) Ramsey ( R)
(b) HR-pi
(c) MHR
(d) GHR(pi/4)
(e) GHR(3pi/4)
(f) GHR(pi/4, 3pi/4)
FIG. 10: Comparison of normalized error signal slopes at δ = 0 for the protocol investigated in Fig. 8 and Fig. 9 against
residual uncompensated light-shift ∆ (solid lines) and in presence of a ∆θl/θl = ±10% pulse area variation (shadow region).
order to achieve a very efficient lock of the local oscillator
to the unperturbed optical clock transition [73]. For sim-
plicity, and because out of scope of this work, we neglect
statistical fluctuation in the measured signals produced
by external time-dependent perturbation or phase noise
contribution [74, 75].
We study the stability and robustness of error signal
slopes at δ = 0 against residual uncompensated light-
shift ∆l associated to small variations of pulse areas. The
frequency stability scales as the inverse of the slope and
a reduced slope results in a clock instability. Error signal
slopes against residual shifts for all protocols are shown
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in Fig. 10 for a ∆θl/θl = ±10% pulse area variation.
Compared to standard error signals based on R proto-
col in Fig. 10a and HR protocol in Fig. 10b, the new
protocols expand the possible range for the uncompen-
sated shift, i.e., the range between two zero crossings of
the error slope. Both residual uncompensated offsets and
pulse area variations are directly transferred to a slope
reduction of error signals with no change in their fre-
quency lock point. However the MHR protocol shown in
Fig. 10c presents a small shape asymmetry and a tiny
deviation of the maximum slope value from ∆ = 0.
Note that the GHR(pi/4, 3pi/4) protocol, shown in
Fig. 10f, eliminates unstable operation by an undesired
sign inversion of the slope when the uncompensated light
shift is too large.
If the light shift is not constant over the pulse se-
quences, and therefore a large residual offset is present,
a strong distortion or rotation of the error signal slope is
originated (see for example Fig. 8b, Fig. 8c and Fig. 9)
and it may compromise the lock point stability and de-
grade the clock operating condition. Then, the laser com-
pensation step ∆step should be checked and steered to the
point where ∆ ' 0.
Various implementations have been experimentally
tested. For the single ion clock frequency standard [20],
a stabilization using the HR phase-step protocol scheme
was combined with a second interleaved servo system
where Rabi spectroscopy with the same probe light inten-
sity is used. Then, the frequency difference between the
two interrogation techniques was used to control laser fre-
quency step ∆step. This method ensures that slow drifts
of the light-shift will not degrade its suppression. It is
also possible to use some clock frequency-shift symme-
tries offered by the MHR protocol with the uncompen-
sated part of the probe shift to design an efficient steering
process to ∆ = 0 [22].
IV. PROTOCOLS BASED ON FREE
EVOLUTION TIME COMBINATIONS
This section reviews some combinations of R and
HR interrogation protocols with different free evolution
times. The target is to generate a clock frequency-shift
strongly protected against residual light-shifts over larger
offset clock detunings. Some non-linear clock frequency-
shifts can be synthesized specifically to be extremely ro-
bust against decoherence and relaxation.
A. Synthetic frequency protocol for HR
spectroscopy
The synthetic shift technique reduces the sensitivity
to pulse area variations and extends the non-linear effi-
ciency of HR protocols to larger uncompensated residual
light-shifts. It is based on both independent and par-
allel measurements of several clock-frequency shifts for
different free evolution times and careful combination of
those measurements to generate the so-called synthetic
frequency-shift. This approach is more robust than pre-
vious phase-step locking protocols, reducing both resid-
ual uncompensated light-shifts and laser power variations
even in presence of decoherence.
The synthetic frequency method, discussed in detail
in [38], is based on a polynomial serie expansion of the
clock’s residual frequency shift on its dependence to free
evolution time T under frequency stabilization:
δνT =
A1
T
+
A2
T2
+ ...+
An
Tn
+ ..., (37)
The coefficients An depend on pulse parameters (dura-
tions, amplitudes, phases) and uncompensated frequency
shift ∆l. This method was originally designed to allow
suppression of the black-body radiation shift experienced
by atomic clocks [76], but it can easily be extended to
handle arbitrary systematic shifts (Stark shift, Zeeman
shift, and so on).
The basic idea is to build a synthetic frequency us-
ing multiple HR sequences with specific choices of free
evolution times (but same pulse parameters, assuming
we can enforce exact ratios between Ramsey free evolu-
tion times) to cancel contributions up to a given order
in Eq. (37). For example, using two sequences with free
evolution times T1 and T2, and stabilized frequencies ν1
and ν2 shifted by δ1 and δ2, respectively, the synthetic
frequency at the lowest order is defined as
νsyn =
ν1 − ε12ν2
1− ε12 , (38)
where ε12 = δ1/δ2 is the offset detuning ratio. Consider-
ing the case of T1 = T and T2 = T/2, it can be shows
that the frequency shift can be written as:
δν(1)syn = 2δνT − δνT/2. (39)
Similarly, using three different HR sequences with free
evolution times T1 = T, T2 = T/2, and T3 = T/3), the
shift of the the synthetic frequency at the following order
is given by:
δν(2)syn = 3δνT − 3δνT/2 + δνT/3. (40)
Following this pattern to higher orders, it results that
the higher orders expansions follow binomial coefficient
laws. Using Eq. (56c) for the HR phase shift, the clock
frequency shift is calculated on the basis of Eq. (18).
Thus, under |δ/Ω|2  1, the calculations show the fol-
lowing general character of dominating dependencies on
δ/Ω:
δνT ≈ 4
pi
(
δ
Ω
)3
(41)
without synthetic frequency approach, and
δν(1)syn ≈
48
pi2
4τ
T
(
δ
Ω
)5
;
δν(2)syn ≈
865
pi3
(
4τ
T
)2(
δ
Ω
)7
.
(42)
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FIG. 11: (Color online) For the HR−pi protocol, dependen-
cies vs δ/Ω for the shift without synthetic frequency approach
of Eq. (41), denoted as δ¯T, and using the first and second or-
der synthetic frequency approaches of Eqs. (42), denoted as
δ¯
(1)
syn, and δ¯
(2)
syn. Ωτ=pi/2 in all cases, and 4τ/T is 0.25 in (a),
and 0.1 in (b).
for the synthetic frequency approaches at different orders.
Fig. 11 reports the calculations for the above quanti-
ties. For the synthetic frequencies, higher-order (more
than cubic) non-linearities appear. This character is not
changed under variations of Ω, τ , and T, i.e., we do not
need the rigorous condition Ωτ=pi/2. Because in real
experiments the value of Ω can be controlled only at
the level of 1-10%, this method can be very successful
in atomic clock implementations.
It is also very important to notice that the combination
of the synthetic frequency protocol applied to the HR-pi
scheme is quite stable to decoherence. Indeed, Fig. 12,
showing graphs for the above clock shifts against the ratio
δ/Ω in the presence of decoherence described by the γc
parameter, demonstrates strong and robust suppression
of the shift.
The main advantage of the synthetic method is to re-
duce the decoherence perturbation without destroying an
efficient light-shift compensation using the HR-pi proto-
col even when all pulse areas are modified by ±10%. The
synthetic frequency protocol is also better by one to three
orders of magnitude than MHR and GHR(ϕ3) protocols
when laser-induced decoherence is considered.
Apart from the combination with Ramsey and hyper-
Ramsey spectroscopy for two-level systems, the synthetic
frequency protocol can be applied to the Ramsey spec-
troscopy of coherent population trapping (CPT) reso-
nances (e.g., see [77–79]). Note that CPT clocks are one
of the prospective variants of compact RF clocks with rel-
atively valuable metrological characteristics. Because the
probe-induced shift for CPT-Ramsey resonance satisfies
the general dependence of Eq. (37) on the free evolu-
FIG. 12: (Color online) For the HR−pi protocol in presence
of γc decoherence, dependencies vs δ/Ω for the shift with-
out synthetic frequency approach of Eq. (41), denoted as δ¯T,
and using the first and second order synthetic frequency ap-
proaches of Eqs. (42), denoted as δ¯
(1)
syn, and δ¯
(2)
syn. Parameters
4τ/T=0.25; γc=0.01pi/T in (a), γc=0.1pi/T, and for different
Rabi frequencies: Ωτ=pi/2 (black dashed lines); Ωτ=0.9pi/2
(red lines); Ωτ=1.1pi/2 (green lines).
tion interval T (see [80], where the dependence 1/T was
found), one can expect good efficiency of the synthetic
frequency protocol in this case too. The same approach
can also be applied to so-called pulsed optical pumping
(POP) clocks [81]. All these examples demonstrate the
universality of the synthetic frequency protocol, which
can be used in any type of clocks based on Ramsey spec-
troscopy.
B. Auto-balanced Ramsey spectroscopy
A variant of the synthetic protocol approach, denoted
as auto-balanced Ramsey spectroscopy, was very recently
presented in ref. [82]. It is based on the combination of
two Ramsey sequences, with short and long free evolution
times, whence T is the control parameter. The original-
ity of the method is the use of two interconnected control
loops. The first feedback loop uses the error signal pro-
vided by the short Ramsey sequence to lock an additional
phase step correction between the Ramsey pulses, while
the second loop locks the mean frequency from the er-
ror signal of the long Ramsey sequence. Notice that this
sequence contains the phase step correction as an addi-
tional control parameter. To demonstrate the efficiency
of the auto-balancing approach, the 171Yb+ clock tran-
sition was experimentally probed with 3 different tech-
nical pulse defects. The auto-balanced Ramsey probing
technique was thus able to recover the undisturbed clock
transition against pulse areas delivered with 97% of the
nominal intensity for the last 3 ms of their 15 ms on-time,
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against weak phase step excursion of the local laser oscil-
lator and finally against phase lag. A final reduction by
about 104 of the light shift was experimentally observed
in an 171Yb+ ion clock operating on the E3 transition.
V. COMPOSITE LASER-PULSES PROTOCOLS
ROBUST AGAINST DISSIPATION
This Section introduces new protocols dealing with
the decoherence associated to the finite line-width of the
probe laser, which disturbs the clock interrogation by re-
ducing the contrast while also compromising the robust-
ness of any error signal. For the aimed 10−18 relative ac-
curacy, the decoherence induced by clock laser line-width
degrades the robustness of clock lock points for GHR pro-
tocols of the last Section. This issue will be mitigated
by fast improvements in the design of very high finesse
Fabry-Perot cavities used to stabilize clock lasers, thus of-
fering very narrow line-widths below a few 100 mHz [47–
49] for a new generation of frequency standards. However
new composite pulse protocols represent an alternative
approach to this issue. Relaxation processes for the clock
populations are also included into the presented analy-
sis. Notice also that the MHR and GHR(ϕ1) protocols
are not fully equivalent in the presence of decoherence
produced by the finite laser linewidth [22, 37].
A. Matrix solution to optical Bloch equations
The relevant analysis has to be performed within a for-
malism based on the two-level ρ density matrix where the
atomic decoherence can be treated properly [83, 84]. The
direct numerical integration of density matrix equations
includes dephasing of the off-diagonal elements [85, 86]
and relaxation terms of populations, in order to describe
dissipative processes such as spontaneous emission, de-
phasing and decoherence within a closed two-level con-
figuration. The atomic evolution includes a decoherence
term γc, a spontaneous emission rate denoted Γ and a
population difference relaxation ζ induced by collisions.
The Bloch variables Ul ≡ ρ∗ge +ρge, Vl ≡ i(ρ∗ge−ρge) and
Wl ≡ ρee − ρgg are used to describe the atomic excita-
tion after the l-th optical pulse of the composite pulse se-
quence. The general set of time-dependent optical Bloch
equations is given by [87]:
U˙l = −γcUl + δlVl − Ωl sinϕlWl,
V˙l = −δlUl − γcVl + Ωl cosϕlWl,
W˙l = Ωl sinϕlUl − Ωl cosϕlVl − (Γ + ζ)Wl − Γ,
(43)
The three components vector M(θl) ≡
(U(θl),V(θl),W(θl)) solution to the previous set of
equations is [59, 88]
M(θl) = R(θl) [Ml(0)−Ml(∞)] + Ml(∞), (44)
characterized by the pulse area θl. Ml(0) ≡
(Ul(0),Vl(0),Wl(0)) stands for the system’s state be-
fore the l-th pulse. The steady-state solution matrix
Ml(∞) ≡ (Ul(∞),Vl(∞),Wl(∞)) is obtained by switch-
ing off time-dependent derivatives in Eq. (43) for its three
components. See Appendix VII C for its definition.
The rotation matrix R(θl), taking decoherence and re-
laxation terms into account, is written as follows:
R(θl) = e
−γcτle−βlτl , (45)
requiring the exponentiation of the following βl matrix:
βl =
 0 δ −Ωl sinϕl−δ 0 Ωl cosϕl
Ωl sinϕl −Ωl cosϕl ∆γ
 , (46)
where we have defined ∆γ = γc − (Γ + ζ). The matrix
R(θl) can be exactly expressed as a square matrix of time-
dependent matrix elements Rmn(θl) (m,n ∈ {1, 2, 3}),
presented in detail in Appendix VII C.
Consider now a sequence of pulses separated by a free
evolution T, as in the HR scheme for example. The free
evolution matrix R(θk = δT) without laser field is given
by
R(θk = δT) = e
−γcT
 cos δT sin δT 0− sin δT cos δT 0
0 0 e∆γT
 . (47)
The corresponding stationary solution MT(∞) ≡
(UT(∞),VT(∞),WT(∞)) is also found by switching off
the Ωl laser field in Eq. (43) during free evolution time.
B. Composite interrogation protocol with
arbitrary sequence of pulses
When we consider an arbitrary sequence of compos-
ite pulses where each laser interaction zone is associated
with different areas tailored in phase, frequency and du-
ration, each laser pulse interaction introduced by M(θl) is
described by an equation identical to Eq. (44). An arbi-
trary sequence of pulses can be constructed by iteration
to compute the final response M(θ1, ..., θn).
Using exact analytic expressions to solve the Bloch
equations for a single given Rabi pulse, the expression
for a full sequence of n pulses can be generalized to:
M(θ1, ..., θn) =
n∑
p=1
←−n∏
l=p
R(θl)
 (Mp−1(∞)−Mp(∞))

+ Mn(∞),
(48)
where backward arrows indicate a matrix product from
right to left with growing indices and state initialization
denoted M0(∞) ≡ M1(0) by convention.
Ref. [87] has derived an exact analytic solution for
an arbitrary sequence of pulses including a generalized
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(a) HR-pi protocol: ideal case
(b) HR-pi protocol: decoherence only
(c) HR-pi protocol: decoherence and relaxation
FIG. 13: (color online) On the left 2D contour and density plot diagrams of the δν˜ frequency-shift lock point defined by
Eq. (32) using the new phase-shift of Eq. (50) against uncompensated frequency-shifts ∆/2pi (horizontal axis) and pulse area
Ωτ (vertical axis). Right column shows a planar cut of density plots at fixed pulse area Ωτ = pi/2 with a ±10% pulse area
variation (shadow area). For γc/2pi = 50 mHz and Γ/2pi = 100 mHz, the (b) case corresponds to decoherence produced by
laser linewidth contribution and the (c) case to decoherence and relaxation by spontaneous emission.
canonical form for the associated phase shift. Such a solution with a single free evolution time can always be
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expressed in a reduced canonical form as
M(θ1, ..., θn) ≡ A+ B cos(δT + φ), (49)
where the new offset A, amplitude B and new phase-shift
φ are analytical functions including dissipation explicitly
computed in [87]. Notice the equivalence between the
present canonical form and those of Eqs. (11) and (28).
Using Eq. (49), we can study the three-pulse inter-
rogation schemes. By looking at the third component
W(θ1, θ2 = δT, θ3, θ4), we can retrieve population transi-
tions to construct an error signal. The derived general-
ized expression for the ρee population of the upper level
is formally identical to the transition probability given
by Eq. (24) when dissipation is switched-off. The phase-
shift φ including dissipation accumulated over the entire
sequence of pulses is now expressed as:
φ = arctan
[
R32(θ3, θ4)M1(θ1) + R31(θ3, θ4)M2(θ1)
R31(θ3, θ4)M1(θ1) + R32(θ3, θ4)M2(θ1)
]
,
(50)
with
M1(θ1) = [1− R11(θ1)] U1(∞)− R12(θ1)V1(∞)
+ R13(θ1) [W1(0)−W1(∞)] ,
M2(θ1) = [1− R22(θ1)] V1(∞)− R21(θ1)U1(∞)
+ R23(θ1) [W1(0)−W1(∞)] ,
(51)
and for the components of the product matrix R(θ3, θ4) =
R(θ4)R(θ3).
R31(θ3, θ4) = R31(θ4)R11(θ3) + R32(θ4)R21(θ3)
+ R33(θ4)R31(θ3),
R32(θ3, θ4) = R31(θ4)R12(θ3) + R32(θ4)R22(θ3)
+ R33(θ4)R32(θ3),
(52)
The above equations may be used to evaluate the depen-
dencies of clock frequency-shifts to residual light-shifts in
presence of decoherence and relaxation processes for any
composite pulse protocols, in particular those presented
in Tab. II.
C. Elimination of dissipation effects on clock
frequency-shift
The influence of decoherence or relaxation by sponta-
neous emission on the HR-pi probing scheme is analyzed
using the 2D contour and density plot diagrams shown on
the left in Figs. 13. All clock-frequency shifts δν˜, intro-
duced by Eq. (32) in Sec. III for the dispersive clock lock,
and determined using the new phase-shift of Eq. (50),
are plotted against uncompensated frequency-shifts and
large pulse area variations. Because ac Stark-shifts in-
crease quadratically with pulse area, the diagrams ex-
plore also regions of several pi/2 laser pulse area units cor-
responding to the application of a large laser frequency-
step for pre-compensation of the central fringe frequency-
shift [18]. Within contour plots, the colored values of
clock-frequency shifts have been deliberately limited be-
tween -2 mHz and +2 mHz (see layout on graphs) for
constraining the clock relative accuracy below 10−18. For
white surrounding regions, the relative accuracy of the
residual shift exceeds a few 10−18 level. Clock frequency
shifts affecting the lock point are reported on the right
of Figs. 13. One effect of dissipation is to restore a weak
linear dependence to uncompensated residual light-shifts
while slope rotation depends on the specific dissipation
process.
Fig. 14 reports the clock response to decoherence only
for three different protocols. For the MHR protocol, the
right plot of Fig. 14a shows a significative frequency-shift
at zero residual uncompensated light-shift while its pulse
area stability lock point is off axis from ∆ = 0. Thus the
MHR parasite shift produces a large sensitivity to varia-
tions of the Rabi frequency and reduces optimal perfor-
mances of the stabilization scheme [38]. The GHR(ϕ3)
protocols do not suffer from these parasite shifts but the
immunity to residual uncompensated shifts is lost when
pulse area is not constant as shown in [38]. For the
GHR(pi/4) and GHR(3pi/4) protocols in Fig. 14b and
Fig. 14c, respectively, stability islands exist even when
the pulse area is not a perfect pi/2.
D. Universal interrogation protocols combining pi/4
and 3pi/4 phase-steps
Another stabilization scheme can be generated from
the combination of error signals from both GHR(pi/4)
and GHR(3pi/4) protocols, as suggested by the notice-
able antisymmetry of their slopes observed on the right
side of Fig. 14b and Fig. 14c in presence of decoher-
ence. This hybrid scheme denoted GHR(pi/4, 3pi/4) was
defined in Eq. (36). For this protocol, the error signal
and its frequency-shift lock-point condition are written,
as of Eq. (31):
∆E(pi/4, 3pi/4)|δ=δν˜ = 0, (53)
with the δν˜ frequency-shift derived from Eq. (32).
In presence of a large residual offset, this scheme re-
duces the distortion, associated to the GHR(pi/4) and
GHR(3pi/4) protocols. In addition the GHR(pi/4, 3pi/4)
protocol leads to a potential suppression of the decoher-
ence effect as proposed in [38]. However it is still sensitive
to the presence of relaxation.
A more recent development on composite pulse proto-
cols in ref. [87] has allowed a further improvement of the
GHR(pi/4, 3pi/4) protocol. The protocol can be greatly
improved by applying it twice while varying the initial
state, which is now considered as a parameter to the pro-
tocol itself. A new error signal, detailed in Fig. 15a, is
built in the following way:
∆E⇓ = ∆E(pi/4, 3pi/4)⇓,
∆E⇑ = ∆E(pi/4, 3pi/4)⇑,
∆E⇓⇑ =
1
2
(∆E⇓ −∆E⇑) ,
(54)
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(a) MHR protocol
(b) GHR(pi/4) protocol
(c) GHR(3pi/4) protocol
FIG. 14: (color online) 2D contour and density plot diagrams of the δν˜ frequency-shift lock point derived using the phase
of Eq. (50) in presence of γc/2pi = 50 mHz decoherence, and no relaxation, against uncompensated frequency-shifts ∆/2pi
(horizontal axis) and pulse area Ωτ (vertical axis). Right column shows planar cuts of density plots at the given pulse area
Ωτ = pi/2 with a ±10% pulse area variation (shadow area). The dotted line is the clock frequency shift robustness against
uncompensated frequency-shifts when dissipation is ignored
.
where the index ⇓ (⇑) means the protocol is applied with population initialization in ground state |g〉 ≡⇓ (excited
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(a) GHR(pi/4, 3pi/4) protocol: state preparation method
(b) GHR(pi/4, 3pi/4) protocol: time-reversal method
FIG. 15: (color online) Composite pulse sequences for two
universal protocols. The top one (a) is the hybrid method
combining two GHR(pi/4, 3pi/4) sequences applied to two dif-
ferent initialization states before being combined together by
error signal differentiation. The bottom one (b) combines
a GHR(pi/4, 3pi/4) sequence with its time-reversal partner
GHR†(pi/4, 3pi/4) applied to the same initialization state, and
combined together by error signal summation.
state |e〉 ≡⇑), respectively.
This new combination of pulse sequences produces a
completely anti-symmetric signal on the population dif-
ference Bloch variable W, which directly translates to the
transition probability signal. By comparing under iden-
tical but now stringent variations of atomic parameters,
HR−pi protocol shown in Fig. 16(a) and this protocol
shown in Fig. 16(b), it allows for an exact correction of
probe-induced frequency shifts in Fig. 16(c) under ar-
bitrarily large light shift effects or laser intensity varia-
tions. It yields an exact frequency lock-point of the cen-
tral fringe while being immune to both decoherence and
relaxation. As remarkable feature, this approach is also
independent of the initial atomic states as long as they
are distinct from each other. This property removes the
need for a high precision quantum state initial prepara-
tion.
Another approach is to introduce a time reversal of
the GHR(pi/4, 3pi/4) protocol. A reciprocal sequence is
(a) HR−pi error signal for three values of ∆
(b) ∆E⇓⇑ (∆E⇓⇓) error signals for same values of ∆
(c) Lock point frequency shift of HR−pi and ∆E⇓⇑
(∆E⇓⇓) error signals
FIG. 16: (color online) Error signal line shape distortion
versus the clock detuning for HR−pi and GHR(pi/4, 3pi/4)
(GHR†(pi/4, 3pi/4)) protocols and associated frequency lock
point sensitivities under action of decoherence γc = (Γ+ζ)/2,
relaxation Γ/2pi = 100 mHz and collisions ζ/2pi = 100 mHz
versus uncompensated residual light-shifts. Solid lines are
related to the HR-pi frequency lock point under various dissi-
pative processes that are activated. The dotted line is related
to ∆E⇓⇑ (∆E⇓⇓) frequency lock points in presence of deco-
herence and relaxation. Same parameters as in Fig. 5
built by inverting the pulse order in the composite pulse
sequence while also inverting all laser phase signs, the so-
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called GHR†(pi/4, 3pi/4) protocol. It is possible to con-
struct its error signal, detailed in Fig. 15b, as follows:
∆E⇓⇓ =
1
2
(
∆E⇓ + ∆E
†
⇓
)
, (55)
where ∆E†⇓ stands for the reciprocal sequence’s error sig-
nal. This protocol offers the same properties as the pre-
vious initial state variation approach with the additional
effect of producing an exact anti-symmetric signal for the
detection of any Bloch variables. This new feature allows
for further detection techniques, for example it is now
possible to derive the uncompensated shift from either U
or V Bloch variables and predict how the central fringe is
shifted from its lock-point before being compensated by
applying the error signal. Those last two protocols were
introduced and discussed in heavy details in [87].
VI. IMPLEMENTATION IN QUANTUM
METROLOGY
In this last section, we present two different optical
clocks based on excitation of a single ion and interroga-
tion of multiple neutral atoms, respectively, which have
used composite pulse sequences to eliminate with a very
high efficiency the probe induced frequency-shift on clock
resonances. Composite pulse sequences have been re-
cently implemented experimentally in the single 171Y b+
ion clock developed at PTB (Germany) [20, 21] and in
the optical 1D lattice clock with 88Sr bosonic atoms at
NPL (UK) [22]. The single ion clock achieved a reduction
of the probe induced frequency-shift by more than four
orders of magnitude using the HR protocol [21]. Using
a MHR scheme, the optical lattice clock has successfully
demonstrated suppression of a sizable 2 × 10−13 probe
Stark shift to below 1×10−16 even with very large errors
in shift compensation [22]. Both clocks benefit from a
nearly field free environment and a strong localization of
one single particle within an RF trap or several atoms
within an optical lattice, allowing for a Doppler-recoil
free spectroscopy of ultra-narrow atomic transitions with
high accuracy. They are based on very narrow optical
transitions, the quadrupole E2 or the octupole E3 tran-
sition for the single ion clocks or the 1S0 −3 P0 forbid-
den transition in alkaline-earth atomic systems. In both
systems, systematic, and problematic, clock-frequency
shifts originate from the interaction of the quantum two-
level system with the applied laser probe field, and the
light-shift produced by off-resonant states not directly
addressed by the probe limits the achievable accuracy to
the 10−18 relative level.
A. HR protocol with the single trapped 171Yb+
clock
The ytterbium-ion clock transition is unique among
optical frequency standards in that the lowest-lying ex-
FIG. 17: Energy level scheme of 171Yb+ ion. wo clock transi-
tions, a weakly allowed electric quadrupole (E2) transition at
436 nm with a natural line-width of a few Hz and a strongly
forbidden electric octupole (E3) transition at 467 nm with a
natural nHz line-width are accessible.
cited state is the 2F7/2 state, which decays to the
2S1/2
ground state via an electric octupole transition at 467
nm, see Fig. 17. The 2F7/2 state is extremely long-lived,
with an estimated lifetime of around 6 years. Hence the
natural line-width of this transition is of order of the nHz,
and is not a limit to the performance of the standard. In-
stead the stability limit is determined by the probe laser
line-width that can be achieved.
The experimental setup is described in Ref. [20, 89].
A single ion is confined in a radio frequency Paul trap.
During a first period the ion is successively laser-cooled
and pumped to the 2S1/2(F = 0) ground state. The
2S1/2(F = 0) ↔ 2F7/2(F = 3,mF = 0) clock tran-
sition is then probed by applying an HR sequence, i.
e.: time pulse sequence [τ, T, 2τ, τ ], detuning steps
[δ+ ∆, δ, δ+ ∆, δ+ ∆], phase steps [±pi/2, 0, pi, 0]. The
intensity, detuning and phase of the probe laser beam are
precisely shaped by an acousto-optic modulator (AOM).
Up to 10 mW of light power can be focused to a beam
waist diameter of 40 µm at the trap center. The popula-
tion of the excited state is known from the decrease of flu-
orescence at the beginning of the cooling period. Multiple
repetitions of the sequence allow computation of the ex-
citation probability. After the detection, a 760 nm laser
pumps the ion remaining in 2F7/2 level again toward an
excited level with a lifetime of 29 ns which predominantly
decays to the ground state [89]. The pre-compensated
light shift value ∆step is obtained by measuring the reso-
nance frequency of a Rabi interrogation compared to an
unperturbed transition frequency value previously mea-
sured [89], ∆step ≈ 1 kHz.
Experimental records of hyper-Ramsey resonances ob-
tained by Huntemann et al. [20] are shown in Fig. 18 in
both cases: fully compensated light shift, ∆step = ∆ls,
and partially compensated shift ∆step − ∆ls = 10 Hz,
for a light shift ∆ls = 1090 Hz. Although the resonance
shape is altered when the shift is not fully compensated,
it is worthwhile to note that the central minimum is un-
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FIG. 18: Hyper-Ramsey fringe pattern in the single 171Yb+
ion optical clock. Excitation spectra using the HR protocol
with τ = 9 ms and T = 36 ms. Top : fully compensated
light shift, ∆step = ∆ls, ∆ls = 1090 Hz. Bottom: partially
compensated light shift, ∆l = ∆ls − ∆step = 10 Hz. The
data points are the result of 20 interrogations at each fre-
quency step. Solid black lines show the calculated line shapes.
Reprinted with permission from ref. [20], ∆L, ∆S are the orig-
inal notations for ∆ls, ∆step.
affected.
Fig. 19 shows the clock frequency shift as a function
of the error on the frequency step ∆step −∆ls. A phase
modulation ±pi/2 is applied on the first light pulse to
generate an error signal in order to lock the probe laser
frequency. Measurements are performed with two differ-
ent sets of laser intensity (light shift), pulse duration, and
free evolution time T . Experimental results are in very
good agreement with the calculated dependence (solid
red line). Note that the shift is smaller for the phase-
modulated laser lock than for the minimum of the central
fringe (dashed line in Fig. 19(a)). Authors of Ref. [20]
highlight that the light shift is reduced by four orders of
magnitude in the case of Fig. 19(b). However, the cubic
dependence of the shift to the uncompensated light shift
is still visible. This hyper-Ramsey technique has been ap-
plied by the same team to cancel the probe-induced light
shift with a factional uncertainty of 1.1 × 10−18 leading
to the outstanding result of a relative systematic uncer-
tainty on the clock frequency of 3.2× 10−18 [21].
B. MHR protocol with the optical lattice 88Sr clock
The 1S0 ↔ 3P0 transition in alkaline-earth-like atoms,
see Fig. 20, is very attractive for optical-lattice based
neutral atom clocks due to its long-lived atomic states.
It is a doubly forbidden (spin and angular momentum)
FIG. 19: Single 171Yb+ ion optical clock. Frequency offset of
the probe laser frequency locked on the clock transition as a
function of the uncompensated shift ∆l = ∆ls −∆step. Solid
red line: predicted offset when the error signal is obtained
by a ±pi/2 modulation of the first pulse phase. (a) τ = 9
ms, T = 36 ms, ∆ls = 1090 Hz. The dashed line shows
the position of the central fringe minimum. (b) τ = 36 ms,
T = 144 ms, ∆ls = 60.5 Hz (linewidth of the central fringe
3.2 Hz). The inset is a zoom showing the offset in fractional
value. Reprinted with permission from ref. [20].
transition. The even isotopes (bosons) have no nuclear
spin, thus no hyperfine structure which weakly allows the
transition in odd isotopes by hyperfine level mixing. Nev-
ertheless the strongly forbidden transition can be mag-
netically induced by adding a small constant magnetic
field weakly mixing the nearby 3P1 state into the
3P0
state [25]. The transition can then be probed by a single
photon excitation.
A modified hyper-Ramsey scheme was implemented on
a 88Sr lattice clock by the team of Gill at NPL [22]. 88Sr
atoms, emitted from an atomic beam, are slowed, cap-
tured and cooled in two successive magneto-optical traps
before loading a one-dimensional vertically oriented op-
tical lattice operating near the magic wavelength [52].
The 1S0 ↔ 3P0 transition at 698 nm is probed by mag-
netically induced spectroscopy, using a 2.5 mT mixing
magnetic field. Up to 2.7 mW of probe laser can be fo-
cused to a waist of about 250 µm. For this experiment,
the probe light-shift of about 80 Hz is monitored by two
Rabi interrogations operating at two different laser inten-
sity, and interleaved with MHR interrogations. We recall
that in the MHR scheme the phase modulation ±pi/2 in
the first pulse of the HR scheme is replaced by an alter-
nating phase step pi/2 in the first pulse with −pi/2 in the
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FIG. 20: Energy level scheme of neutral 88Sr atoms. The
ultra-narrow forbidden 698 nm bosonic clock transition is ac-
tivated by a small admixture of the 3P1 with the metastable
state 3P0 using a weak static B field (see ref. [25]).
FIG. 21: The optical lattice clock with neutral 88Sr atoms.
Top: frequency scan over the HR resonant feature for τ =
10 ms, T = 50 ms, θl = pi/2, and ϕl = 0 in the first and
last pulse. The theoretical model is overlaid in gray with no
fitting on the green experimental record. Bottom: modeled
and measured residual light-shifts for the different HR and
MHR protocols. The HR lock (blue dots and line) shows good
suppression compared with modified Ramsey (dashed green),
but MHR is better (red dots and line). Inset: Enlarged view
showing the residual lock offset in fractional frequency units.
Reprinted with permission from ref. [22].
last pulse (or the opposite) in order to generate the error
signal, see Fig. 9a and Table II.
The HR signal recorded with no phase step in the first
and last pulse is shown in Fig. 21(a). The line shape
is then the same as in Fig. 18(a), in good agreement
with the theoretical model. A comparison of measured
frequency shifts against uncompensated shifts is shown
in Fig. 21(b) for the MHR and HR protocols. Note the
very good agreement with modeled shifts. The computed
shift for a modified Ramsey (MR) scheme is also shown.
The MR technique is the usual two-pulse Ramsey in-
terrogation with a compensating frequency step in each
pulse [18]. The resulting frequency shift is canceled for
a perfect compensated shift, but a linear dependence to
the uncompensated shift remains. The cubic dependence
is observed with the HR interrogation, as in Fig. 19. On
the contrary, the shift is fully compensated by the MHR
interrogation. The 2 × 10−13 light shift does not bias
the locked frequency anymore at the uncertainty level of
measurements (1× 10−16).
VII. CONCLUSION AND PERSPECTIVES
We reviewed various spectroscopic probe techniques
based on composite pulses, as the Rabi and composite-
adjacent NMR-like pulses, and the R, HR, MHR, and
GHR optical clock protocols. These composite having
different merits for the clock operation, are based on an
appropriate manipulation of the probe laser parameters
with the aim of generating error signals which offer a very
high degree of immunity to light-shift perturbations and
laser intensity variations. Among the different laser pa-
rameters a special role is played by the probe laser phase,
well controlled in the present optical clock investigations.
A useful approach is based on the introduction of phase
steps into the laser pulses probing the atomic evolution.
The theoretical analysis predicts that error signals in-
cluding a combination of pi/4 and 3pi/4 laser phase-steps
generated by using phase-steps modulation and leading
to the GHR resonances are able to suppress the sensitiv-
ity to both pulse length error and residual light-shifts in-
duced by the probe laser. As a key element for the target
pulse sequences, the clock frequency-shift associated to a
composite pulse interrogation scheme is modeled in order
to obtain a strongly non-linear response of the quantum
system to probe induced frequency-shifts.
The numerical simulation here presented, and the ex-
perimental investigations performed so far, demonstrate
the very high degree of clock stability reached by im-
plementing these protocols. For the probe induced per-
turbations the clock uncertainty perturbations is re-
duced below the highest relative accuracy reached at the
present, within the 10−19 range required for the next gen-
eration of optical frequency standards. An alternative
composite protocol approach is based on the exploration
of the clock response to pulse sequence whose free evo-
lution times are scaled by integers, and the successive
manipulation of the clock measurements. The synthe-
sization of a clock frequency-shift is derived from those
measurements with the different free evolution times.
The above success of the composite pulse protocols
was extended to another question connected to the fast
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progress in the precision and accuracy of the optical
clocks, the limit imposed by a decoherence in the atomic
response. This represents an important issue because for
experimentalists the decoherence is considered as a hard
limit for the final precision. The probe laser frequency
instability representing an atomic decoherence has been
included into the composite pulse analysis. In presence of
laser induced decoherence, the laser stabilization schemes
belonging to the first class presented in Sec. III do not
perform a perfect probe-light-shift suppression anymore.
Instead the synthetic protocol provides a very robust er-
ror signal against light-shift variation and pulse ampli-
tude error in presence of decoherence. The control of the
decoherence role on the clock precision, i.e., the measure-
ment reliability, is predicted by the Heisenberg principle.
Instead the control on the clock accuracy, i.e., the re-
alization of an unperturbed measurement, a surprising
result, is connected to the main feature of Ramsey-type
protocols: the atomic free-evolution determines the ac-
curacy, if the perturbations of the interrogation phases
are eliminated or corrected.
Decoherence, relaxation of the atomic population by
spontaneous emission, and weak collisions, are consid-
ered also in the context of universal protocols, based on
the combined use of GHR(pi/4, 3pi/4) schemes, leading
to cancellation of the probe induced shift. It will become
important to evaluate its effects for some clock transitions
in the near future. Further analysis will be required to
achieve experimental implementation of a protocol im-
mune to both decoherence and relaxation.
Besides the accuracy of an atomic clock, its frequency
stability is an important parameter with a strong de-
pendence on the interrogation time. Some phase step
protocols presented here are based on a double interro-
gation of the clock atoms, followed by a manipulation of
the double-interrogation results. A straight application
of this approach will greatly increase the required inter-
rogation time. As an alternative, ultracold atom optics
techniques may be applied where a single atomic cloud is
split into two (or more components), each of them probed
by a different pulse sequence, with an on-line elaboration
of the global error signal.
The basic ideas of composite pulse approach can be
applied to any other measurement based on the inter-
ferometric response of an interrogated quantum system.
The final accuracy of the interference reading can be
greatly increased by inserting a free evolution time as
in the Ramsey original scheme, or by using the more
elaborated pulse sequence presented in this work. There-
fore new composite pulse sequences might be considered
to develop very sensitive space interferometers for grav-
itational waves detection [90–92], or be extended, for a
better control of some systematics, to mass spectrome-
try where Ramsey-type interrogation schemes have been
already introduced [93–95]. In quantum computation
where the qubit performances are limited by decoher-
ence/relaxation, their control by proper composite pulse
sequences represents an important issue to be explored.
Also the qubits error correction schemes could represent
an area where the construction of ad-hoc interrogation
Hamiltonians may have important applications.
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Appendix
A. Envelopes and phase for the HR protocol
Introducing for simplicity of notation θ˜l = θl/2, the
envelopes and phase are given by
α2 =
(
1 +
δ21
ω21
tan2 θ˜1
)(
1 +
δ234
ω234
tan2 θ˜34
)
×
(
Ω3
ω3
tan θ˜3 +
Ω4
ω4
tan θ˜4
)2
cos2 θ˜1 cos
2 θ˜3 cos
2 θ˜4,
(56a)
β =
Ω1
ω1
tan θ˜1
(
1− δ3δ4+Ω3Ω4ω3ω4 tan θ˜3 tan θ˜4
)
(
1− δ1δ34ω1ω34 tan θ˜1 tan θ˜34
)(
Ω3
ω3
tan θ˜3 +
Ω4
ω4
tan θ˜4
)
×
1−
δ3
ω3
tan θ˜3+
δ4
ω4
tan θ˜4
1− δ3δ4+Ω3Ω4ω3ω4 tan θ˜3 tan θ˜4
δ1
ω1
tan θ˜1+
δ34
ω34
tan θ˜34
1− δ1δ34ω1ω34 tan θ˜1 tan θ˜34
1 +
(
δ1
ω1
tan θ˜1+
δ34
ω34
tan θ˜34
1− δ1δ34ω1ω34 tan θ˜1 tan θ˜34
)2 ,
(56b)
tan Φ =
δ3
ω3
tan θ˜3+
δ4
ω4
tan θ˜4
1− δ3δ4+Ω3Ω4ω3ω4 tan θ˜3 tan θ˜4
+
δ1
ω1
tan θ˜1+
δ34
ω34
tan θ˜34
1− δ1δ34ω1ω34 tan θ˜1 tan θ˜34
1−
δ3
ω3
tan θ˜3+
δ4
ω4
tan θ˜4
1− δ3δ4+Ω3Ω4ω3ω4 tan θ˜3 tan θ˜4
δ1
ω1
tan θ˜1+
δ34
ω34
tan θ˜34
1− δ1δ34ω1ω34 tan θ˜1 tan θ˜34
,
(56c)
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with the reduced notation
δ34
ω34
tan θ˜34 =
(δ3Ω4 − Ω3δ4) tan θ˜3 tan θ˜4
Ω3ω4 tan θ˜3 + Ω4ω3 tan θ˜4
. (57)
B. Envelopes and reduced elements for the GHR
protocol
The αl and βl envelopes of Eq.(24) are expressed for
two different pulse sequences as follows:
• For the GHR(ϕl) sequence:
α{l} =
[
M+(θ1)cg(0) + M†(θ1)eiϕ1ce(0)
]
M†(θ4, θ3)
× χ(θ1, θ3, θ4), (58a)
β{l}eiΦ{l} =
[
M†(θ1)e−iϕ1cg(0) + M−(θ1)ce(0)
M+(θ1)cg(0) + M†(θ1)eiϕ1ce(0)
]
· M−(θ3, θ4)
M†(θ4, θ3)
,
(58b)
where we introduce the phase factor
χ(θ1, θ3, θ4) =
∏
l=1,3,4
exp
[
−iδl τl
2
]
. (59)
The reduced matrix components for the GHR(ϕl) scheme
are
M−(θ3, θ4) = M−(θ3)M−(θ4) + M†(θ3)M†(θ4)ei(ϕ3−ϕ4),
(60a)
M†(θ4, θ3) = M†(θ4)M+(θ3)e−iϕ4 + M†(θ3)M−(θ4)e−iϕ3 .
(60b)
• For the GHR†(ϕl) sequence:
α{l} = [M+(θ1, θ2)cg(0) + M†(θ2, θ1)ce(0)] M†(θ4)e−iϕ4
× χ(θ1, θ2, θ4), (61a)
β{l}eiΦ{l} =
[
M†(θ1, θ2)cg(0) + M−(θ1, θ2)ce(0)
M+(θ1, θ2)cg(0) + M†(θ2, θ1)ce(0)
]
· M−(θ4)
M†(θ4)
,
(61b)
Reduced matrix components for the GHR†(ϕl) scheme
are written as:
M+(θ1, θ2) = M+(θ1)M+(θ2) +M†(θ1)M†(θ2)e−i(ϕ1−ϕ2),
(62a)
M−(θ1, θ2) = M−(θ1)M−(θ2) +M†(θ1)M†(θ2)ei(ϕ1−ϕ2),
(62b)
M†(θ1, θ2) = M†(θ2)M+(θ1)e−iϕ2 +M†(θ1)M−(θ2)e−iϕ1 ,
(62c)
M†(θ2, θ1) = M†(θ1)M+(θ2)eiϕ1 +M†(θ2)M−(θ1)eiϕ2 ,
(62d)
C. Time-dependent components of the rotation
matrix
The optical Bloch equations of Eq. (43) describe the
laser field interaction with a two-state quantum system
in order to examine the GHR resonance including deco-
herence and relaxation. The general solution M(θl) in a
matrix form including the Ml(∞) steady-state is written
as [59, 88]
M(θl) = R(θl) [Ml(0)−Ml(∞)] + Ml(∞),
Ml(∞) = − ΓD
 δlΩl cosϕl − γcΩl sinϕlγcΩl cosϕl + δlΩl sinϕl
γ2c + δ
2
l
 ,
D = γcΩ2l + (Γ + ζ)(γ2c + δ2l ),
(63)
the generalized pulse area is θl = ωlτl. The evolution
square matrix elements Rmn(θl) following refs. [86, 88]
are given by:
R11(θl) = e
−γcτl (a0 − a2 [δ2l + Ω2l sin2 ϕl]) ,
R12(θl) = e
−γcτl (a1δl + a2Ω2l sinϕl cosϕl) ,
R13(θl) = e
−γcτl (a2 [δlΩl cosϕl −∆γΩl sinϕl]
−a1Ωl sinϕl) ,
R21(θl) = e
−γcτl (−a1δl + a2Ω2l sinϕl cosϕl) ,
R22(θl) = e
−γcτl (a0 − a2 [δ2l + Ω2l cos2 ϕl]) ,
R23(θl) = e
−γcτl (a2 [δlΩl sinϕl + ∆γΩl cosϕl]
+a1Ωl cosϕl) ,
R31(θl) = e
−γcτl (a2 [δlΩl cosϕl + ∆γΩl sinϕl]
+a1Ωl sinϕl) ,
R32(θl) = e
−γcτl (a2 [δlΩl sinϕl −∆γΩl cosϕl]
−a1Ωl cosϕl) ,
R33(θl) = e
−γcτl (a0 + a1∆γ − a2 [Ω2l −∆γ2]) .
(64)
Auxiliary time-dependent functions a0 ≡ a0(θl), a1 ≡
a1(θl), a2 ≡ a2(θl) are given by [88, 96]:
a0(θl) = [(SD3 − TD2) sin θl + (SD2 + TD3) cos θl] eρlτl
+
(
D0ηl + g
2
l
)
Reηlτl ,
a1(θl) = [(SD1 − Tωl) sin θl + (Sωl + TD1) cos θl] eρlτl
+ D0Re
ηlτl ,
a2(θl) = [S sin θl + T cos θl] e
ρlτl + Reηlτl ,
(65)
and relations between derivatives as [88]:
a˙0(θl) = δ
2
l ∆γa2(θl),
a˙1(θl) = a0(θl)− g2l a2(θl),
a˙2(θl) = a1(θl) + ∆γa2(θl),
(66)
Where we introduced the following notations:
g2l = Ω
2
l + δ
2
l ,
D0 = ηl −∆γ,
D1 = ρl −∆γ,
D2 = ωl (2ρl −∆γ) ,
D3 = ρ
2
l − ω2l − ρl∆γ + g2l ,
(67)
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and
R =
1
(ρl − ηl)2 + ω2l
,
S =
(ρl − ηl)
ωl
(
(ρl − ηl)2 + ω2l
) ,
T =
−1
(ρl − ηl)2 + ω2l
.
(68)
The three roots of the matrix (one real root ηl and two
complex roots ρl ± iωl) are given by Cardan’s cubic so-
lutions leading to damped oscillations into the atomic
response to the clock interrogation sequence as ηl, ρl and
a generalized angular frequency ωl written as:
ηl =
1
3
(
∆γ − C− ∆0
C
)
,
ρl =
1
3
(
∆γ +
C
2
+
∆0
2C
)
,
ωl =
√
3
6
(
−C + ∆0
C
)
,
∆0 = ∆γ
2 − 3g2l ,
∆1 = −2∆γ3 + 9g2l ∆γ − 27δ2l ∆γ,
C =
3
√
∆1 +
√
∆21 − 4∆30
2
.
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